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The Hamiltonian thermodynamis formalism is applied to the general d-dimensional Reissner-
Nordström-anti-de Sitter blak hole with spherial, planar, and hyperboli horizon topology. After
writing its ation and performing a Legendre transformation, surfae terms are added in order to
guarantee a well dened variational priniple with whih to obtain sensible equations of motion, and
also to allow later on the thermodynamial analysis. Then a Kuha° anonial transformation is
done, whih hanges from the metri anonial oordinates to the physial parameters oordinates.
Again a well dened variational priniple is guaranteed through boundary terms. These terms
inuene the fall-o onditions of the variables and at the same time the form of the new Lagrange
multipliers. Redution to the true degrees of freedom is performed, whih are the onserved mass
and harge of the blak hole. Upon quantization a Lorentzian partition funtion Z is written for the
grand anonial ensemble, where the temperature T and the eletri potential φ are xed at innity.
After imposing Eulidean boundary onditions on the partition funtion, the respetive eetive
ation I∗, and thus the thermodynamial partition funtion, is determined for any dimension d and
topology k. This is a quite general ation. Several previous results an be then ondensed in our
single general formula for the eetive ation I∗. Phase transitions are studied for the spherial
ase, and it is shown that all the other topologies have no phase transitions. A parallel with the
Bose-Einstein ondensation an be established. Finally, the expeted values of energy, harge, and
entropy are determined for the blak hole solution.
PACS numbers: 04.60.Ds, 04.20.Fy, 04.60.Gw, 04.60.Kz, 04.70.Dy, 04.20.Ha, 04.50.Gh
I. INTRODUCTION
There are many approahes to alulate the entropy and the thermodynamis of a blak hole. One an follow the
original route where methods of eld seond quantization in a ollapsing objet are used to alulate the temperature T
[1℄, and then uses the blak hole laws to nd the orresponding entropy [2℄. Or one an use the Eulidean path integral
approah to quantum gravity [3, 4℄ and its developments [5℄, to obtain those thermodynami properties [5, 6, 7, 8, 9,
10, 11, 12, 13℄ (see also [14℄ and ompare with [5℄). There are still other methods. The method we follow here is the
one that builds a Lorentzian Hamiltonian lassial theory of the gravity eld and possibly other elds, and then obtain
a Lorentzian time evolution operator in the Shrödinger piture. Afterward one performs a Wik rotation from real to
imaginary time, in order to nd a well dened partition funtion. The presription impliit in this approah is, rst,
nd the Hamiltonian of the system, seond, alulate the time evolution between a nal state and an initial state, i.e.,
between the nal bra vetor state < g2,Σ2, t2|, with metri g2 on a spatial hypersurfae Σ2 at some generi presribed
time t2, and the initial ket vetor state, |g1,Σ1, t1 >, with metri g1 on a spatial hypersurfae Σ1 at some generi
presribed time t1, and, third, Eulideanize time. Here, the amplitude to propagate to a onguration < g2,Σ2, t2|
from a onguration |g1,Σ1, t1 > , is represented by < g2,Σ2, t2| exp (−iH(t2 − t1)) |g1,Σ1, t1 > in the Shrödinger
piture. Eulideanizing time, t2 − t1 = −iβ and summing over a omplete orthonormal basis of ongurations gn one
obtains in general the partition funtion Z =
∑
exp [−β (En − qnφ)], of the eld g at a temperature T ≡ 1/β and at
∗
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2some hemial potential φ, where En is the eigenenergy of the eigenstate gn, and qn is the eigenvalue of some variable
onjugate to φ, suh as the partile number (when φ is eetively the hemial potential), or the harge number
(when φ is the eletri potential), for instane. This route is based on the Hamiltonian methods for ovariant gravity
theories [15, 16, 17℄ and for blak hole spaetimes on the Hamiltonian method of Kuha° [18℄. It was developed by
Louko and Whiting in [19℄ for the spei problem of nding blak hole entropies and thermodynami properties.
Indeed Kuhar [18℄ applied his proedure to the full vauum Shwarzshild blak hole spaetime, whih is really
omposed of a spherially symmetri white hole plus a blak hole plus two asymptotially at regions. These regions
are well pitured in a Carter-Penrose diagram. By onsidering the spaelike foliations of the full manifold, the true
dynamial degree of freedom of the phase spae of the Shwarzshild blak hole was found. This degree of freedom,
represented by one pair of anonial variables, is omposed of the massM of the solution and its onjugate momentum,
whih physially represents the dierene between the Killing times at right and left spatial innities. Louko and
Whiting [19℄, by adapting the formalism to a spaelike foliation to the right of the future event horizon of the
solution, and imposing appropriate boundary onditions, obtained the Hamiltonian H , the time evolution operator
exp(−iHt) in the Shrödinger piture, the assoiated partition funtion and nally the thermodynamis. This method
has been applied for various theories of gravity, in several dierent dimensions, and in either asymptotially at or
asymptotially AdS spaetimes.
There are several appliations of the formalism to four-dimensional spaetimes [19, 20, 21℄, Now, it is lear that it is
important to understand the physis in several dierent dimensions. Indeed, hints from many plaes like string theory,
AdS/CFT (Anti de Sitter/onformal eld theory) onjeture, extra large dimensions and the onneted braneworld
senarios, point out to the possibility of a world with other spae dimensions. A rst attempt to study the thermo-
dynamis of a higher dimensional blak hole using the Hamiltonian approah was done for d = 5 Lovelok gravity
[22℄. A related formalism developed in [23, 24℄ studied some higher dimensional blak holes that admit a redution
to a two-dimensional dilaton-gravity theory. There are also inursions in the appliation of the formalism into lower
dimensional dilaton-gravity theories, e.g., in d = 2 [25℄, and in d = 3 [26, 27℄. In [28℄ a onnetion between the
Hamiltonian formalism of [19℄ and the path-integral formalism of [5℄ is made.
So here, we are interested in applying the Hamiltonian formalism introdued by Louko and Whiting [19℄, (see
also [20, 21, 22, 23, 24, 25, 26, 27, 28℄), to the d-dimensional, d ≥ 4, Reissner-Nordström blak holes with spherial,
planar, and hyperboli horizon ompat topology, and with a negative osmologial onstant, i.e., in an asymptotially
anti-de Sitter (AdS) spaetime. Spherially symmetri eletrially harged blak holes in d dimensions are also known
as Tangherlini blak holes [29℄, or simply d-dimensional Reissner-Nordström AdS blak holes, see also [30℄ for the
Kerr the d-dimensional Kerr blak holes. Planar toroidal ompat blak holes in four dimensions were disussed in
[31, 32℄ and harged ones in [33℄ (see also [34, 35℄). Hyperboli toroidal ompat blak holes in four dimensions were
studied in [36℄, and the harged version of the three together in [21℄. In d dimensions these topologial blak holes
were analyzed in [37℄, see also [38, 39℄. The solution for Kerr-AdS blak holes in d dimensions was found in [40℄. One
notes that if the osmologial onstant is nonnegative, blak holes with nonspherial topology do not exist.
To develop the Hamiltonian formalism for these d-dimensional AdS blak holes an important issue one has to
deal with is to nd the asymptoti fall-o onditions at innity. In four dimensions the problem was settled by
Henneaux and Teitelboim [41℄, where through the preise asymptoti struture of the Kerr-AdS metri and ating
on that struture with the four-dimensional AdS group one was able to nd the orret fall-o onditions. Louko
and Winters-Hilt [20℄ used these fall-o onditions to study the four-dimensional Reissner-Nordström-AdS blak hole.
In d dimensions no suh proedure is available, although the Kerr-AdS metri solution in d dimensions has already
been found [40℄. Thus, by following the same proedure as in [41℄ one should be able to arrive at the orret fall-o
onditions. Fortunately, in our ase the problem is muh simpler and we an adapt with some are to d dimensions the
fall-o onditions of [20℄. Then, after following other proedures, one nds the redued Hamiltonian, and a statistial
analysis an nally be performed. We study the grand anonial ensemble and nd a very general eetive ation
I∗, or equivalently, a very general partition funtion. From the ation I∗ one an readily extrat all the relevant
thermodynamial information. We study the phase transitions of the system and the thermodynami quantities,
suh as temperature and entropy, of the solution ontaining a blak hole. The phase transitions are between hot at
spae and blak holes, two dierent setors of the solution spae, one with trivial topology, the other with blak hole
topology, respetively. These phase transitions show similarities with the Bose-Einstein ondensation phenomenon.
There are several partiular results that an be obtained from our general ation formula I∗. First, within works
using a Hamiltonian thermodynamis formalism we reover the thermodynamis for spherially symmetri Reissner-
Nordström-AdS blak holes in four dimensions (d = 4) [20℄, the thermodynamis for AdS blak holes with planar and
hyperboli topology in four dimensions (d = 4) [21℄, and the results for the spherial blak hole in a nite box with
radius rB (when rB → ∞) in a Lovelok d = 5 theory, whih an also be alled a Gauss-Bonnet theory, without a
osmologial onstant [22℄. Seond, within works using an Eulidean path integral method we also reover from our
general ation formula, when appropriate, the thermodynamis of the d-dimensional spherial Reissner-Nordström
blak hole studied in [12, 13℄, as well as the thermodynamis of the d-dimensional Shwarzshild blak hole studied in
3[11℄. Moreover, we obtain the thermodynamis of the Reissner-Nordström-AdS blak holes in four dimensions (d = 4)
with spherially symmetri studied in [9℄, whih in turn reovers results found in [5, 6, 7℄ and in [8℄, as well as the
thermodynamis obtained in [10℄ for the harged AdS blak holes in planar topology.
The paper layout is thus the following: in Se. II we write the ansatz for the blak hole solutions of the harged
blak holes in d dimensions with spherial, planar toroidal, and hyperboli toroidal topology, plus the ansatz for the
vetor potential A, following it with the metri and vetor potential solutions for the d-dimensional blak holes. The
Carter-Penrose diagram of the harged blak holes in d dimensions with spherial, planar toroidal, and hyperboli
toroidal topology, is then depited. In Se. III, the ADM form for the metri and A are spelled out, the anonial
desription for the Einstein-Maxwell ation in d spaetime dimensions is done and is followed by the reonstrution of
the ation. After the anonial transformations, we redue the Hamiltonian to the physial degrees of freedom. There
follows the anonial quantization through the Shrödinger representation of the time evolution operator. In Se.
IV the thermodynamis is studied. First, there is the onstrution of the partition funtion for the grand anonial
ensemble through the imposition of Eulidean boundary onditions on the time evolution operator found previously.
Then, the ritial points of the eetive ation in the partition funtion integral are obtained. Next, the eetive
ation is evaluated at the ritial points, where, depending on the value of the eetive ation at these ritial points,
one an obtain hot at spae or a blak hole through a phase transition. The results are ompared to previous results.
It is then possible to determine the expeted values of the energy and harge, plus the entropy, from the saddle point
approximation of the partition funtion of the ensemble. In Se. V we onlude. We hoose G = 1, c = 1, ~ = 1, and
kB = 1 throughout.
II. CHARGED BLACK HOLES IN d DIMENSIONS WITH SPHERICAL, PLANAR, AND
HYPERBOLIC TOPOLOGY IN ASYMPTOTICALLY ADS SPACETIMES
A. Solutions with spherial, planar, and hyperboli ompat topology
The eletrially harged AdS blak hole solution an be generially written as (see [39℄)
ds2 = −F (R) dT 2 + F (R)−1 dR2 +R2(dΩkd−2)2, (1)
where we have d ≥ 4, T is the Shwarzshild time oordinate, R is the Shwarzshild time oordinate, and F (R)
is a funtion that yields horizons and thus blak holes. Its form depends on the theory, we will be interested in
d-dimensional general relativity. The onstant k has values k = 1, 0,−1 whether the topology is spherial, planar
toroidal, or hyperboli toroidal, all three being ompat topologies. The angular part of the metri (1) is, for eah
k = 1, 0,−1,
(dΩ1d−2)
2=dθ21 + sin
2 θ1 dθ
2
2 + · · ·+
d−3∏
i=1
sin2 θi dθ
2
d−2 ,
(dΩ0d−2)
2=dθ21 + dθ
2
2 + dθ
2
3 + · · ·+ dθ2d−2 ,
(dΩ−1d−2)
2=dθ21 + sinh
2 θ1 dθ
2
2+ · · ·+sinh2 θ1
d−3∏
i=2
sin2 θi dθ
2
d−2 . (2)
In the spherial ase, k = 1, one an take the range of oordinates as the usual one 0 ≤ θ1 < pi, 0 ≤ θi < 2 pi for i ≥ 2.
In the planar ase, k = 0, the range is arbitrary, though nite for a ompat surfae, and we an hoose 0 ≤ θi < 2 pi.
In the hyperboli-ompat surfae ase, k = −1, the situation is in general more involved, and we need to hoose a
nite area surfae for the blak hole horizon in order to be able to study its thermodynamis. For example, in d = 4
spaetime dimensions, the horizon is a 2-dimensional hyperboli torus, i.e, a Riemann surfae with genus genus ≥ 2.
For more details, see [31℄ and [37℄ (see also [35℄). The vetor potential one-form whih is generially written as
A = A(R) dT , (3)
where the eletri potential A(R) depends on the theory one is studying. We will work with general relativity in
d-dimensions.
4B. Blak hole solutions: metri and vetor potential
We are interested in general relativity oupled to a Maxwell eld in d-dimensions whose ation is
S =
∫
ddx
√−g
(
1
16pi
[R+ (d− 1)(d− 2) l−2]− 1
4
FµνF
µν
)
, (4)
with g being the determinant of the metri gµν , R is the Rii salar onstruted from the Riemann tensor Rαβγδ,
l is the AdS length, whih the makes up the osmologial onstant through −3 l−2, and Fµν = ∂µAν − ∂νAµ is the
Maxwell tensor, with A = Aµdx
µ
the one-form vetor potential.
The eletrially harged AdS blak holes solutions of the Einstein-Maxwell-AdS ation in d dimensions, have F (R)
given by
F (R) = k + l−2R2 − 2M¯
Rd−3
+
Q¯2
R2(d−3)
, (5)
Here, the quantities M¯ and Q¯ are the mass and the harge parameters, respetively. The denition of mass in general
relativity is always ambiguous. Usually one denes the Arnowitt-Deser-Misner (ADM) mass m, whih in priniple, for
asymptotially well dened spaetimes is a well dened quantity. The blak holes we study here are asymptotially
AdS and so have a well dened mass. However, depending on the values one gives for the yli oordinates of the
torus, one gets dierent answers in the planar and hyperboli toroidal ases, not so in the spherial ase whih has
well dened angular oordinates. Moreover, when performing our anonial analysis, as it will be done here, a mass
whih is the one neessary to make the important anonial transformations, and renders the expressions most simple,
pops up. We all this mass the anonial mass M . The relation between the anonial mass and the mass parameter
is, as we will see, M =
(d−2)Σk
d−2
8pi M¯ , where Σ
k
d−2 is the area of the (d− 2) unit surfae. For instane, in the spherial
ase and for zero osmologial onstant, one has M¯ = 8pim
(d−2)Σ 1
d−2
, where now in the spherial ase M is also the ADM
mass,M = m, and Σ 1d−2 is the area of the (d−2) unit sphere [30℄. The same applies for the eletrial harge, although
here the ambiguities are not as strong. Here the anonial harge Q, i.e., the one neessary to make the important
anonial transformations, and the harge parameter are equal, Q = Q¯. None of these is the ADM (Gauss) harge
q. For instane, in the spherial ase and for zero osmologial onstant, one has Q¯2 = q2
(
8pi
(d−2) (d−3)
)
. The vetor
potential funtion A(r) is
A(r) =
√
d− 2
8pi(d− 3)
Q¯
Rd−3
, (6)
where the relevant quantities have been dened above.
The orresponding Carter-Penrose diagram is given in Fig. 1.
R=R i R=R i
R=R i
R=R i
R=Rh R=Rh
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R
=
8R=
8
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II’
R=0 R=0
R=0 R=0
FIG. 1: The Carter-Penrose diagram for the Reissner-Nordström-AdS blak hole with spherial, planar toroidal, and hyperboli
toroidal topologies, where R
h
is the outer horizon radius, Ri is the inner horizon radius, and the double line is the timelike
singularity at R = 0. The stati region I, from the bifuration (d−2)-manifold to spaelike innity R =∞, is the relevant region
for our analysis. The regions II and II' are inside the outer horizon, beyond the foliation domain. Region I' is the symmetri of
region I, toward left innity. Note that any point in the diagram is a (d− 2)-dimensional manifold. The bifuration manifold
an be a sphere, a planar torus, or a hyperboloidal torus, always (d− 2)-dimensional.
5III. HAMILTONIAN THERMODYNAMICS FORMALISM
A. ADM form of the metri and vetor potential
The ansatz for the metri eld with whih we start our anonial analysis is given by
ds2 = −N(t, r)2dt2 + Λ(t, r)2(dr +N r(t, r)dt)2 +R(t, r)2(dΩkd−2)2 , (7)
where t and r are the time and radial ADM oordinates used in the ADM metri ansatz for the blak hole solutions
of the Einstein-Maxwell-AdS ation. In the subsequent developments we follow the basi formalism developed by
Kuha° [18℄. The anonial oordinates are R and Λ, whih are funtions of t and r, R = R(t, r), Λ = Λ(t, r). Now,
r = 0 is generially on the horizon as analyzed in [18℄, but for our purposes r = 0 represents the horizon bifuration
(d − 2)-manifold of the Carter-Penrose diagram (see, [19, 20, 21, 22, 23, 24, 25, 26, 27, 28℄). The oordinate r
tends to ∞ as the oordinates themselves tend to innity, and t is another time oordinate. The remaining funtions
are the lapse N = N(t, r) and shift funtions N r = N r(t, r) and will play the role of Lagrange multipliers of the
Hamiltonian of the theory. The anonial oordinates R = R(t, r), Λ = Λ(t, r) and the lapse funtion N = N(t, r)
are taken to be positive. The angular oordinates are left untouhed, due to the symmetries assumed. The ansatz
(7) is written in order to perform the foliation of spaetime into spaelike hypersurfaes, and thus separates the
spatial part of the spaetime from the temporal part. Indeed, the anonial analysis requires the expliit separation
of the time oordinate from the other spae oordinates, and so in all expressions time is treated separately from
the other oordinates. It breaks expliit ovariane of the Einstein-Maxwell-AdS theory, but it is neessary in order
to perform the Hamiltonian analysis. The metri oeients of the indued metri on the hypersurfaes beome
the anonial variables, and the momenta are determined in the usual way, by replaing the time derivatives of the
anonial variables, the veloities. Then, using the Hamiltonian one builds a time evolution operator to onstrut an
appropriate thermodynami ensemble for the geometries of a quantum theory of gravity.
The anonial desription of the vetor potential one-form is given by
A = Γdr +Φdt , (8)
where Γ and Φ are funtions of t and r, i. e., Γ(t, r) and Φ(t, r). The funtion Γ(t, r) is the anonial oordinate
assoiated with the eletri eld, and the funtion Φ(t, r) is the Lagrange multiplier assoiated with the eletromagneti
onstraint, whih is Gauss' Law.
B. Canonial formalism
We now replae the ansatz for the metri (7) and the ansatz for the one-form vetor potential (8) into the ation
in Eq. (4), obtaining
SΣ[Λ, R, Γ;N, N
r, Φ] =
∫
dt
∫ ∞
0
dr a
{
kB NΛRd−4 + 6 l−2NΛRd−2 − 2(d− 2)N−1R˙Λ˙Rd−3
−BN−1ΛR˙2Rd−4 + 2(d− 2)N−1R˙ (ΛN r)′ + 2(d− 2)N−1Λ˙ (R′N r)
−2(d− 2)N−1 (ΛN r)′ (R′N r)Rd−3 + 2BN−1R′R˙N rΛRd−4 −BN−1Λ (R′N r)2Rd−4
−2(d− 2)N (Λ−1)′R′Rd−3 −BNΛ−1 (R′)2Rd−4 − 2(d− 2)NΛ−1R′′Rd−3
+8piN−1Λ−1
(
Γ˙− Φ′
)2
Rd−2
}
, (9)
where B is dened as B = (d− 3)(d− 2), a is dened as
a =
Σkd−2
16pi
, (10)
and, e. g., for k = 1 we have Σ1d−2 = 2pi
(d−1)/2/Γ(d−12 ), Γ(x) being the Gamma funtion.
The onjugate momenta are
PΛ = −2 a (d− 2)Rd−3N−1
(
R˙−N rR′
)
, (11)
PR = −2 a (d− 2)Rd−4N−1
[
R
(
Λ˙ − (ΛN r)′
)
+ (d− 3)Λ
(
R˙ −N rR′
)]
, (12)
PΓ = 16pi aN
−1Λ−1
(
Γ˙− Φ′
)
Rd−2 . (13)
6After a Legendre transformation we nd
SΣ
[
Λ, R, Γ, PΛ, PR, PΓ;N, N
r, Φ˜
]
=
∫
dt
∫ ∞
0
dr
(
PΛΛ˙ + PRR˙+ PΓΓ˙−NH −N rHr − Φ˜G
)
, (14)
where Φ˜ is dened as Φ˜ ≡ Φ−N rΓ, and the onstraints are
H =
(d− 3)
4 a(d− 2)ΛP
2
ΛR
−(d−2) +
1
16pi a
ΛP 2ΓR
−(d−2) − 1
2 a(d− 2)PRPΛR
−(d−3)
+ a
(
−kB ΛRd−4 − 6l−2ΛRd−2 + 2(d− 2) (Λ−1)′R′Rd−3
+BNΛ−1 (R′)2Rd−4 + 2(d− 2)NΛ−1R′′Rd−3
)
, (15)
Hr = PRR
′ − ΛP ′Λ − ΓP ′Γ , (16)
G = −P ′Γ . (17)
The equations of motion are obtained through the variation of the ation (14), with the onstraints dened in Eqs.
(15)-(17), i.e.,
Λ˙ = (2 a(d− 2))−1NΛPΛR−(d−2) − (2 a(d− 2))−1NPRR−(d−3) + (N rΛ)′ , (18)
R˙ = −(2 a(d− 2))−1NPΛR−(d−3) +N rR′ , (19)
Γ˙ = (8pi a)−1NΛPΓR−(d−2) + (N rΓ)′ + Φ˜′ , (20)
P˙Λ = − d− 3
4 a(d− 2)NP
2
ΛR
−(d−2) − 1
16pi a
NP 2ΓR
−(d−2) + a kNBRd−4
+6l−2 aNRd−2 − [2 a(d− 2)NR′Rd−3]′ Λ−2 + aNB (R′)2 Λ−2Rd−4
+2 a(d− 2)NR′′Λ−2Rd−3 +N rP ′Λ , (21)
P˙R =
d− 3
4 a
NΛP 2ΛR
−(d−1) +
d− 2
16pi a
NΛP 2ΓR
−(d−1) − d− 3
2 a(d− 2)NPRPΛR
−(d−2)
+a k (d− 4)BNΛRd−5 + 6l−2 a(d− 2)NΛRd−3 +
[
2 aBN
(
Λ−1
)′]′
Rd−3
−a (d− 4)BNΛ−1(R′)2Rd−5 + [2 aBNΛ−1Rd−4]′R′
− (2 a(d− 2)NΛ−1Rd−3)′′ + (N rPR)′ , (22)
P˙Γ = N
rP ′Γ . (23)
In order to have a well dened variational priniple, with whih to derive the equations of motion above (18)-(23), we
need to eliminate the surfae terms whih remain from the variation of the original bulk ation. These surfae terms
are eliminated through judiious hoie of extra surfae terms whih should be added to the ation (14). The ation
(14) has the following extra surfae terms, after variation
Surfae terms = 2 aNΛ−2
(
Rd−2
)
δΛ + 2 a(d− 2)N ′Λ−1Rd−3δR− 2 a(d− 2)NΛ−1Rd−3δR′
−N rPRδR+N rΛδPΛ +N rΓδPΓ + Φ˜δPΓ . (24)
In order to evaluate this expression, we need to know the asymptoti onditions of the above funtions individually.
Starting with the limit r → 0, we assume
Λ(t, r) = Λ0(t) +O(r
2) , (25)
R(t, r) = R0(t) +R2(t)r
2 +O(r4) , (26)
PΛ(t, r) = O(r
3) , (27)
PR(t, r) = O(r) , (28)
N(t, r) = N1(t)r +O(r
3) , (29)
N r(t, r) = N r1 (t)r +O(r
3) , (30)
Γ(t, r) = O(r) , (31)
PΓ(t, r) = X0(t) +X2(t)r
2 +O(r4) , (32)
Φ˜(t, r) = Φ˜0(t) +O(r
2) . (33)
7It is useful to redene X0 and X2 in terms of two new quantities Q0 and Q2, suh that X0 = KdQ0 and X2 = KdQ2,
with Kd ≡ 8pia
√
(d− 2)(d− 3)/2pi. The surfae terms for r → 0 suer a modiation in the denition PΓ, in relation
to the d = 4 ase [20℄.
For r → ∞ the fall-o onditions have to deal with the AdS asymptoti properties in d dimensions. In d = 4, the
results in [41℄ were the basis for the r → ∞ fall-o adopted in [20℄. Sine one now knows the Kerr-AdS solution in
d dimensions [40℄ one ould follow [41℄ to nd the fall-o onditions for our ase. Here we take a more pragmati
approah, by simply generalizing, with some are, to d dimensions the results in [20℄ for d = 4. Hene, we assume the
following onditions:
Λ(t, r) = f(l r−1) + l3λ(t)r−d +O∞(r−(d+1)) , (34)
R(t, r) = r + l2ρ(t)r−(d−2) +O∞(r−(d−1)) , (35)
PΛ(t, r) = O
∞(r−(d−2)) , (36)
PR(t, r) = O
∞(r−d) , (37)
N(t, r) = R′Λ−1
[
N+(t) +O
∞(r−(d+1))
]
, (38)
N r(t, r) = O∞(r−(d−2)) , (39)
Γ(t, r) = O∞(r−(d−2)) , (40)
PΓ(t, r) = X+(t) +O
∞(r−(d−3)) , (41)
Φ˜(t, r) = Φ˜+(t) +O
∞(r−(d−3)) , (42)
where we dened the funtion f(l r−1) as
f(l r−1) := l r−1
1 + [ d−12 ]∑
s=1
(−1)s (2s− 1)!!
2s · s!
(
l r−1
)2s
ks
 , (43)
with the double fatorial being dened by
s!! ≡
 s · (s− 2) . . . 5 · 3 · 1 s > 0 odds · (s− 2) . . . 6 · 4 · 2 s > 0 even1 s = −1, 0 . (44)
where [x] is the integer part of a given x ∈ Z/2. Again, l is the AdS length, and k yields the topology of the horizon.
As in r → 0 ase, it is also useful to dene X+ ≡ Kd Q¯+, with Kd dened above.
The surfaes terms whih must be added to (14) in order to obtain a well dened variational priniple are then
S∂Σ
[
Λ, R, X0, X+;N, Φ˜0, Φ˜+
]
=
∫
dt
(
2 aN1Λ
−1
0 R
d−2
0 −N+M+ + Φ˜0X0 − Φ˜+X+
)
, (45)
where M+(t) is dened as
M+(t) ≡ 2 a(d− 2) (λ(t)− (d− 1)ρ(t)) . (46)
One also should impose the ondition of xing N1Λ
−1
0 and Φ˜0 on the horizon r → 0, whih is the same as saying
that δ(N1Λ
−1
0 ) = 0 and δΦ˜0 = 0. The rst ondition xes the rate of the boost suered by the future unit normal
to the onstant t hypersurfaes at the bifuration horizon and is important to have a well dened Hamiltonian
thermodynamis. The seond ondition xes the eletri potential at the horizon. At innity, r → ∞, one xes N+
and Φ˜+, whih means δN+ = 0 and δΦ˜+ = 0, in order that the variational priniple is ompletely dened. So the
total ation is then the sum of the integral in Eq. (45) and the integral Eq. (14),
SΣ+∂Σ
[
Λ, R, Γ, PΛ, PR, PΓ;N, N
r, Φ˜
]
= SΣ
[
Λ, R, Γ, PΛ, PR, PΓ;N, N
r, Φ˜
]
+S∂Σ
[
Λ, R, X0, X+;N, Φ˜0, Φ˜+
]
. (47)
With this ation one then derives the equations of motion (18)-(23) without extra surfae terms, provided that the
xing of N1Λ
−1
0 , Φ˜0, N+, and Φ˜+ is taken into aount [19, 20, 21, 22, 23, 24, 25, 26, 27, 28℄.
8C. Reonstrution, anonial transformation, and ation
In order to reonstrut the mass and the time from the anonial data, whih amounts to making a anonial
transformation, we have to rewrite the form of the solutions of Eqs. (1). In the proess, we have to onsider how to
reonstrut the harge from the anonial data, whih is on the hypersurfae embedded in this harged spaetime. We
follow Kuha° [18℄ for this reonstrution. We onentrate our analysis on the right stati region of the Carter-Penrose
diagram.
Developing the Killing time T as funtion of (t, r) in the expression for the vetor potential (6), and making use of
the gauge freedom that allows us to write
A =
√
d− 2
8pi(d− 3)
Q¯
Rd−3
dT + dξ , (48)
where ξ(t, r) is an arbitrary ontinuous funtion of t and r, we an write the one-form potential as
A =
(√
d− 2
8pi(d− 3)
Q¯
Rd−3
T ′ + ξ′
)
dr +
(√
d− 2
8pi(d− 3)
Q¯
Rd−3
T˙ + ξ˙
)
dt . (49)
Equating the expression (49) with Eq. (8), and making use of the denition of PΓ in Eq. (13), we arrive at
PΓ = Kd Q¯ . (50)
with Kd ≡ 4 a
√
2pi (d− 2)(d− 3). We also obtain the derivative of the gauge funtion with respet to r
ξ′ = Γ + K−2d R
−2(d−3)PΓF−1ΛPΛ . (51)
In the stati region, we have dened F as
F (t, r) = k + l−2R2 − 2 M¯
Rd−3
+
Q¯2
R2(d−3)
. (52)
We now make the following substitutions
T = T (t, r) , R = R(t, r) , (53)
into the solution (1), getting
ds2 = −(FT˙ 2 − F−1R˙2) dt2 + 2(−FT ′T˙ + F−1R′R˙) dtdr + (−F (T ′)2 + F−1R˙2) dr2 + R2 (dΩkd−2)2 . (54)
This introdues the ADM foliation diretly into the solutions. Comparing it with the ADM metri (7), written in
another form as
ds2 = −(N2 − Λ2(N r)2) dt2 + 2Λ2N r dtdr + Λ2dr2 + R2 (dΩkd−2)2 , (55)
we an write a set of three equations
Λ2 = −F (T ′)2 + F−1(R′)2 , (56)
Λ2N r = −FT ′T˙ + F−1R′R˙ , (57)
N2 − Λ2(N r)2 = FT˙ 2 − F−1R˙2 . (58)
The rst two equations, Eqs. (56) and Eq. (57), give
N r =
−FT ′T˙ + F−1R′R˙
−F (T ′)2 + F−1(R′)2 . (59)
This one solution, together with Eq. (56), give
N =
R′T˙ − T ′R˙√−F (T ′)2 + F−1(R′)2 . (60)
9One an show that N(t, r) is positive (see [18℄). Next, putting Eqs. (59)-(60), into the denition of the onjugate
momentum of the anonial oordinate Λ, given in Eq. (11), one nds the spatial derivative of T (t, r) as a funtion of
the anonial oordinates, i.e.,
− T ′ = (2 a(d− 2))−1R−(d−3)F−1ΛPΛ . (61)
Later we will see that −T ′ = PM , as it will be onjugate to a new anonial oordinateM , dened below in Eq. (64).
Following this proedure to the end, we may then nd the form of the new oordinate M¯(t, r), as a funtion of t and
r. First, we need to know the form of F as a funtion of the anonial pair Λ , R. For that, we replae bak into Eq.
(56) the denition, in Eq. (61), of T ′, giving
F =
(
R′
Λ
)2
−
(
PΛ
2 a(d− 2)Rd−3
)2
. (62)
Equating this form of F with Eq. (52), we obtain
M¯(t, r) =
1
2
Rd−3
(
k + l−2R2 +
P 2ΓK
−2
d
R2(d−3)
− F
)
, (63)
where F is given in Eq. (62). However, it will be more onvenient for what is oming to dene the following mass
M(t, r) ≡ 2 a (d− 2)M¯(t, r) , (64)
where M¯(t, r) is dened in Eq. (63). The new anonial oordinate is thus M , whih an also be alled the anonial
mass. It is now a straightforward alulation to determine the Poisson braket of this variable with PM = −T ′ and
see that they are onjugate, thus making Eq. (61) the onjugate momentum of M , i.e.,
PM = (2 a(d− 2))−1R−(d−3)F−1ΛPΛ . (65)
In the same fashion, one needs to nd the harge anonial oordinate related to Q¯. In this ase the relation is trivial,
and one nds that the anonial harge oordinate Q, or simply the anonial harge, is given by
Q = Q¯ . (66)
Then, the other natural transformation is the one that relates PΓ with the anonial harge Q. Through the relation
of PΓ with the harge parameter Q¯, PΓ = KdQ¯, the anonial transformation between the old variable PΓ and the
new anonial variable Q is then immediately found to be PΓ = KdQ. LikeM previously, Q is a natural hoie for the
anonial oordinate, beause it is equal to the harge parameter of the metri solution in Eq. (1). The one oordinate
whih remains to be found is PQ, the onjugate momentum to the harge. It is also neessary to nd out the other
new anonial variable whih ommutes with M , PM , and Q, and whih guarantees, with its onjugate momentum,
that the transformation from Λ, R, Γ, to M , Q, and the new variable is anonial. Immediately is it seen that R
ommutes with M , PM , and Q. It is then a andidate. It remains to be seen whether PR also ommutes withM , PM ,
and Q. As with R, it is straightforward to see that PR does not ommute withM and PM , as these ontain powers of
R in their denitions, and {R(t, r), PR(t, r∗)} = δ(r − r∗). So, rename the anonial variable R as R = R. We have
then to nd a new onjugate momentum to R whih also ommutes with M , PM , and Q, making the transformation
from {Λ, R, Γ; PΛ, PR, PΓ } →
{
M, R, Q; PM , P
R
, PQ
}
a anonial one. The way to proeed is to look at the
onstraint Hr, whih is alled in this formalism the super-momentum. This is the onstraint whih generates spatial
dieomorphisms in all variables. Its form, in the initial anonial oordinates, is Hr = −ΛP ′Λ + PR R′ − ΓP ′Γ. In this
formulation, Λ is a spatial density, R is a spatial salar, and Γ is also a spatial density. As the new variables, M ,
R, and Q, are spatial salars, the generator of spatial dieomorphisms is written as Hr = PMM
′ + P
R
R
′ + PQQ′,
regardless of the partiular form of the anonial oordinate transformation. It is thus equating these two expressions
of the super-momentum Hr, with M , PM , and Q written as funtions of Λ, R, Γ and their respetive momenta, that
gives us one equation for the new P
R
and PQ. This means that we have two unknowns, P
R
and PQ, for one equation
only. This suggests that we should make the oeients of R′ and P ′Γ equal to zero independently. This results in
P
R
= PR − 1
2
(d− 3) k R−1F−1ΛPΛ − 1
2
(d− 1)l−2RF−1ΛPΛ + 1
2
(d− 3)K−2d P 2ΓR−2d+5F−1ΛPΛ
−1
2
R−1ΛPΛ +R′′Λ−1F−1PΛ − Λ′R′F−1Λ−2PΛ − P ′ΛF−1Λ−1
+(d− 3)R′R−1F−1Λ−1PΛ , (67)
PQ = −Kd Γ−K−1d R−2(d−3)PΓF−1ΛPΛ . (68)
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(Note that in addition one nds PQ = −Kd ξ′.) It an then be shown that PQ ommutes with the new P
R
and with
the rest of the new oordinates, exept with Q. We have now all the anonial variables of the new set determined.
For ompleteness and future use, we write the inverse transformation for Λ and PΛ,
Λ =
(
(R′)2F−1 − P 2MF
) 1
2 , (69)
PΛ = 2 a(d− 2)Rd−3FPM
(
(R′)2F−1 − P 2MF
)− 1
2 . (70)
In summary, the full set of anonial transformations are the following,
R = R ,
M = a(d− 2)Rd−3
(
k + l−2R2 +
P 2ΓK
−2
d
R2(d−3)
− F
)
,
Q = PΓK
−1
d ,
P
R
= PR − 1
2
(d− 3) kR−1F−1ΛPΛ − 1
2
(d− 1)l−2RF−1ΛPΛ + 1
2
(d− 3)K−2d P 2ΓR−2d+5F−1ΛPΛ
−1
2
R−1ΛPΛ +R′′Λ−1F−1PΛ − Λ′R′F−1Λ−2PΛ − P ′ΛF−1Λ−1
+(d− 3)R′R−1F−1Λ−1PΛ ,
PM = (2 a(d− 2))−1R−(d−3)F−1ΛPΛ ,
PQ = −Kd Γ−K−1d R−2(d−3)PΓF−1ΛPΛ . (71)
It remains to be seen that this set of transformations is in fat anonial. In order to prove that the set of equalities
in expression (71) is anonial we start with the equality
PΛδΛ + PRδR+ PΓδΓ − PMδM − P
R
δR− PQδQ =
(
a(d− 2)Rd−3δR ln
∣∣∣∣2 a(d− 2)Rd−3R′ + ΛPΛ2a(d− 2)Rd−3R′ − ΛPΛ
∣∣∣∣)′ +
+ δ
(
ΓPΓ + ΛPΛ + a(d− 2)Rd−3R′ ln
∣∣∣∣2 a(d− 2)Rd−3R′ − ΛPΛ2 a(d− 2)Rd−3R′ + ΛPΛ
∣∣∣∣) . (72)
We now integrate expression (72) in r, in the interval from r = 0 to r = ∞. The rst term on the right hand side of
Eq. (72) vanishes due to the fallo onditions (see Eqs. (25)-(33) and Eqs. (34)-(42)). We then obtain the following
expression∫ ∞
0
dr (PΛδΛ + PRδR + PΓδΓ)−
∫ ∞
0
dr
(
PMδM + P
R
δR+ PQδQ
)
= δω [Λ, R, Γ, PΛ, PΓ] , (73)
where δω [Λ, R, Γ, PΛ, PΓ] is a well dened funtional, whih is also an exat form. This equality shows that the
dierene between the Liouville form of {R, Λ, Γ; PR, PΛ, PΓ} and the Liouville form of
{
R, M, Q; P
R
, PM , PQ
}
is
an exat form, whih implies that the transformation of variables given by the set of equations (71) is anonial.
Armed with the ertainty of the anoniity of the new variables, we an write the asymptoti form of the anonial
variables and of the metri funtion F (t, r). These are, for r→ 0
F (t, r) = 4R22(t)Λ
−2
0 (t)r
2 +O(r4) , (74)
R(t, r) = R0(t) +R2(t) r
2 + O(r4) , (75)
M(t, r) = M0(t) +M2(t) r
2 +O(r4) , (76)
Q(t, r) = Q0(t) +Q2(t) r
2 +O(r4) , (77)
P
R
(t, r) = O(r) , (78)
PM (t, r) = O(r) , (79)
PQ(t, r) = O(r) . (80)
with
M0 = a(d− 2)Rd−30
(
l−2R20 + k + P
2
ΓK
−2
d R
−2(d−3)
0
)
, (81)
M2 = a(d− 2)
(
(d− 3)Rd−40
[
l−2R20 + k +
Q20
R
2(d−3)
0
]
R2
+Rd−30
[
2Q0Q2
R
2(d−3)
0
− 2(d− 3)Q
2
0R2
R2d−50
+ 2l−2R0R2 − 4R2Λ−20
])
. (82)
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For r →∞, we have
R(t, r) = r + l2ρ(t)r−(d−2) +O∞(r−(d−1)) , (83)
M(t, r) = M+(t) +O
∞(r−(d−3)) , (84)
Q(t, r) = Q+(t) +O
∞(r−(d−3)) , (85)
P
R
(t, r) = O∞(r−d) , (86)
PM (t, r) = O
∞(r−(d+2)) , (87)
PQ(t, r) = O
∞(r−(d−2)) . (88)
where M+(t) = 2 a(d− 2) (λ(t)− (d− 1)ρ(t)), as seen before in Eq. (46) and Eqs. (63)-(64).
We are now almost ready to write the ation with the new anonial variables. It is now neessary to determine
the new Lagrange multipliers. In order to write the new onstraints with the new Lagrange multipliers, we an use
the identity given by the spae derivative of M ,
M ′ = −Λ−1
(
R′H + (2 a(d− 2))−1R−(d−3)PΛ (Hr − ΓG)
)
+ 2 a(d− 2)K2dPΓP ′ΓR−(d−3) . (89)
Solving for H and making use of the inverse transformations of Λ and PΛ, in Eqs. (69) and (70), we get
H = −M
′F−1R′ + FPMP
R
+ 2 a(d− 2)R−(d−3)QQ′R′F−1(
F−1(R′)2 − FP 2M
) 1
2
, (90)
Hr = PMM
′ + P
R
R
′ + PQQ′ , (91)
G = −KdQ′ . (92)
Following Kuha° [18℄, the new set of onstraints, totally equivalent to the old set H(t, r) = 0, Hr(t, r) = 0, and
G = 0, outside the horizon points, is M ′(t, r) = 0, P
R
(t, r) = 0, and Q′(t, r) = 0. By ontinuity, this also applies on
the horizon, where F (t, r) = 0. So we an say that the equivalene is valid everywhere.
The new Hamiltonian, whih is the total sum of the onstraints, an now be written as
NH +N rHr + Φ˜G = N
MM ′ +NRP
R
+NQQ′ . (93)
In order to determine the new Lagrange multipliers, one has to write the left hand side of the previous equation, Eq.
(93), and replae the onstraints on that side by their expressions as funtions of the new anonial oordinates, spelt
out in Eqs. (90)-(92). After manipulation, one gets
NM = −NF−1R′Λ−1 + (2 a(d− 2))−1N rR−(d−3)F−1ΛPΛ , (94)
NR = −(2 a(d− 2))−1NR−(d−3)PΛ +N rR′ , (95)
NQ = 2 a(d− 2)NR−(d−3)Λ−1K−1d PΓF−1R′ −N rKd Γ−N rK−1d R−2(d−3)PΓF−1ΛPΛ , (96)
allowing us determine its asymptoti onditions from the original onditions given above. These transformations are
non-singular for r > 0. As before, for r→ 0,
NM (t, r) = −1
2
N1(t)Λ0R
−1
2 +O(r
2) , (97)
NR(t, r) = O(r2) , (98)
NQ(t, r) = −KdΦ˜0(t) + a(d− 2)N1Q0Λ0R−12 R−(d−3)0 +O(r2) , (99)
and for r →∞ we have
NM (t, r) = −N˜+(t) +O∞(r−(d+1)) , (100)
NR(t, r) = O∞(r−(d−2)) , (101)
NQ(t, r) = −KdΦ˜+(t) +O∞(r−(d−3)) . (102)
The onditions (97)-(102) show that the transformations in Eqs. (94)-(95) are satisfatory in the ase of r →∞, but
not for r → 0. This is due to fat that in order to x the Lagrange multipliers for r → ∞, as we are free to do,
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we x N˜+(t), whih we already do when adding the surfae term −
∫
dt N˜+M+ to the ation, in order to obtain the
equations of motion in the bulk, without surfae terms. The same is true for Φ˜+. However, at r = 0, we see that
xing the multiplier NM to values independent of the anonial variables is not the same as xing N1Λ
−1
0 to values
independent of the anonial variables. The same is true of the xation of NQ with respet to Φ˜0. We need to rewrite
the multipliers NM and NQ for the asymptoti regime r → 0 without aeting their behavior for r→∞. In order to
proeed we have to make one assumption, whih is that the expression given in asymptoti ondition of M(t, r), as
r → 0, for the term of order zero M0(R0, Q0), denes R0 as a funtion of M0 and Q0, and R0 is the horizon radius
funtion, R0 ≡ R
h
(M0, Q0). Also, we assume that M0 > Mrit(Q0), where Mrit(Q0) is found through the system
of two equations R2(d−3)F (R) = 0 and (R2(d−3)F (R))′ = 0, with F (R) dened in (5). With these assumptions, we
are working in the domain of the lassial solutions. We an immediately obtain that the variation of R0 is given in
relation to the variations of M0 and Q0 as
δR0 =
{
a(d− 2)
(
(d− 3) kRd−40 + (d− 1)l−2Rd−20 − (d− 3)Q20R−(d−2)0
)}−1(
δM0 − 2 a(d− 2)Q0
Rd−30
δQ0
)
. (103)
This expression will be used when we derive the equations of motion from the new ation. We now dene the new
multipliers N˜M and N˜Q as
N˜M = −NM
[
(1− g) + 2Rd−30 g
(
(d− 3) k Rd−40 + (d− 1)l−2Rd−20 − (d− 3)Q20R−(d−2)0
)−1]−1
, (104)
N˜Q = N˜M4 g a (d− 2)Q0
(
(d− 3) kRd−40 + (d− 1)l−2Rd−20 − (d− 3)Q20R−(d−2)0
)−1
−NQ , (105)
where g(r) = 1 + O(r2) for r → 0 and g(r) = O∞(r−5) for r → ∞. The new multipliers, funtions of the old
multipliers NM and NQ, have as their properties for r → 0,
N˜M (t, r) = N˜M0 (t) +O(r
2) , (106)
N˜Q(t, r) = Kd Φ˜0(t) +O(r
2) , (107)
and as their properties for r →∞,
N˜M (t, r) = N˜+(t) +O
∞(r−(d+1)) , (108)
N˜Q(t, r) = Kd Φ˜+(t) +O
∞(r−(d−3)) . (109)
When the onstraints M ′ = 0 = Q′ hold, N˜M0 is given by
N˜M0 = N1Λ
−1
0 . (110)
With this new onstraint N˜M , xing N1Λ
−1
0 at r = 0 or xing N˜
M
0 is equivalent, there being no problems with N
R
,
whih is left as determined in Eq. (95). With respet to N˜Q the same happens, i. e., xing the zero order term of the
expansion of NQ for r → 0 is the same as xing Φ˜0, even if multiplied by a dimension dependent onstant Kd. At
innity there were no initial problems with the denitions of both N˜M and N˜Q.
The new ation is now written as the sum of SΣ, the bulk ation, and S∂Σ, the surfae ation,
S
[
M,R, Q, PM , P
R
, PQ; N˜
M , NR, N˜Q
]
=∫
dt
∫ ∞
0
dr
{
PMM˙ + P
R
R˙+ PQQ˙+ N˜
QQ′ −NRP
R
+ N˜M (1− g)M ′
+N˜M 2 g
(
(d− 3) k Rd−40 + (d− 1)l−2Rd−20 − (d− 3)Q20R−(d−2)0
)−1
× (Rd−30 M ′ − 2 a(d− 2)Q′Q0)}
+
∫
dt
{(
2 a N˜M0 R
d−2
0 − N˜+M+
)
+Kd
(
Φ˜0Q0 − Φ˜+Q+
)}
. (111)
The new equations of motion are now
M˙ = 0 , (112)
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R˙ = NR , (113)
Q˙ = 0 , (114)
P˙M = (N
M )′ , (115)
P˙
R
= 0 , (116)
P˙Q = (N
Q)′ , (117)
M ′ = 0 , (118)
P
R
= 0 , (119)
Q′ = 0 , (120)
where we understood NM to be a funtion of the new onstraint, dened through Eq. (104) and NQ as a funtion of
the new onstraint dened through Eq. (105). The resulting boundary terms of the variation of this new ation, Eq.
(111), are, rst, terms proportional to δM , δR, and δQ on the initial and nal hypersurfaes, and, seond,∫
dt
(
2 aRd−20 δN˜
M
0 −M+δN˜+
)
+Kd
(
Q0δΦ˜0 −Q+δΦ˜+
)
. (121)
To arrive at (121) we have used the expression in Eq. (103). The ation in Eq. (111) yields the equations of motion,
Eqs. (112)-(120), provided that we x the initial and nal values of the new anonial variables and that we also x
the values of N˜M0 and of N˜+, and of Φ˜0 and Φ˜+. Thanks to the redenition of the Lagrange multiplier, from N
M
to
N˜M , the xation of those quantities, N˜M0 and N˜+, has the same meaning it had before the anonial transformations
and the redenition of NM . The same happens with Φ˜0 and Φ˜+. This keeping of meaning is guaranteed through
the use of our gauge freedom to hoose the multipliers, and at the same time not xing the boundary variations
independently of the hoie of Lagrange multipliers, whih in turn allow us to have a well dened variational priniple
for the ation.
D. Hamiltonian redution
We now solve the onstraints in order to redue to the true dynamial degrees of freedom. The equations of motion
(112)-(120) allow us to write M and Q as independent funtions of spae, r,
M(t, r) = m(t) , (122)
Q(t, r) = q(t) . (123)
The redued ation, with the onstraints taken into aount, is then
S
[
m,p
m
,q,p
q
; N˜M0 , N˜+, Φ˜0, Φ˜+
]
=
∫
dt
(
p
m
m˙+ p
q
q˙− h
)
, (124)
where
p
m
=
∫ ∞
0
dr PM , (125)
p
q
=
∫ ∞
0
dr PQ , (126)
and the redued Hamiltonian, h, is now written as
h(m, q; t) = −2 a N˜M0 Rd−2
h
+ N˜+m+Kd q
(
Φ˜+ − Φ˜0
)
, (127)
with R
h
being the horizon radius. We also have that m > M
rit
(q), aording to the assumptions made in the
previous subsetion. Thanks to the funtions N˜M0 (t), N˜+(t), Φ˜0(t), and Φ˜+(t) the Hamiltonian h is an expliitly time
dependent funtion. The variational priniple assoiated with the redued ation, Eq. (124), will x the values of m
and q on the initial and nal hypersurfaes, or in the spirit of the lassial analytial mehanis, the Hamiltonian
priniple xes the initial and nal values of the anonial oordinates. The equations of motion are
m˙ = 0 , (128)
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q˙ = 0 , (129)
p˙
m
= 2 a(d− 2)N˜M0 Rd−3
h
{
a(d− 2)
[
(d− 3) k Rd−4
h
+ (d− 1)l−2Rd−2
h
− (d− 3)q2R−(d−2)
h
]}−1
− N˜+ , (130)
p˙
q
= −(2 a(d− 2))2q N˜M0
{
a(d− 2)
[
(d− 3) k Rd−4
h
+ (d− 1)l−2Rd−2
h
− (d− 3)q2R−(d−2)
h
]}−1
+
Kd
(
Φ˜0 − Φ˜+
)
. (131)
The equation of motion form, Eq. (128), is understood as saying thatm is, on a lassial solution, equal to a funtion
of the mass parameter of the solution, m = 2 a(d− 2)M , where the solution is given in Eqs. (1) and (5). The same
goes for the funtion q, where Eq. (129) implies that q is equal to the harge parameter on a lassial solution, Eqs.
(1) and (5). In order to interpret the other equation of motion, Eq. (130), we have to reall that from Eq. (65) one
has PM = −T ′, where T is the Killing time. This, together with the denition of p
m
, given in Eq. (125), yields
p
m
= T0 − T+ , (132)
where T0 is the value of the Killing time at the left end of the hypersurfae of a ertain t, and T+ is the Killing time
at spatial innity, the right end of the same hypersurfae of t. As the hypersurfae evolves in the spaetime of the
blak hole solution, the right hand side of Eq. (129) is equal to T˙0 − T˙+. Finally, after the denition
p
q
= Kd (ξ0 − ξ+) , (133)
obtained from Eqs. (49), (68), and (126), Eq. (131) gives p˙
q
∝ ξ˙0− ξ˙+, whih is the dierene of the time derivatives
of the eletromagneti gauge ξ(t, r) at r = 0 and at innity.
E. Quantum theory and partition funtion
The next step is to quantize the redued Hamiltonian theory, by building the time evolution operator quantum
mehanially and then obtaining a partition funtion through the analyti ontinuation of the same operator [19℄. The
variables m and q are regarded here as onguration variables. These variables satisfy the inequality m > M
rit
(q).
The wave funtions will be of the form ψ(m,q), with the inner produt given by
(ψ, χ) =
∫
A
µdmdq ψ¯χ , (134)
where A is the domain of integration dened by m > M
rit
(q) and µ(m,q) is a smooth and positive weight fator for
the integration measure. It is assumed that µ is a slow varying funtion, otherwise arbitrary. We are thus working in
the Hilbert spae dened as H := L2(A;µdmdq).
The Hamiltonian operator, written as hˆ(t), ats through pointwise multipliation by the funtion h(m,q; t), whih
on a funtion of our working Hilbert spae reads
hˆ(t)ψ(m,q) = h(m,q; t)ψ(m,q) . (135)
This Hamiltonian operator is an unbounded essentially self-adjoint operator. The orresponding time evolution
operator in the same Hilbert spae, whih is unitary due to the fat that the Hamiltonian operator is self-adjoint, is
Kˆ(t2; t1) = exp
[
−i
∫ t2
t1
dt′ hˆ(t′)
]
. (136)
This operator ats also by pointwise multipliation in the Hilbert spae. We now dene
T :=
∫ t2
t1
dt N˜+(t) , (137)
Θ :=
∫ t2
t1
dt N˜M0 (t) , (138)
Ξ0 :=
∫ t2
t1
dt Φ˜0(t) , (139)
Ξ+ :=
∫ t2
t1
dt Φ˜+(t) . (140)
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Using (127), (136), (137), (138), (139), and (140) we write the funtion K, whih is in fat the ation of the operator
in the Hilbert spae, as
K (m; T ,Θ,Ξ0,Ξ+) = exp
[
−imT + 2 i aRd−2
h
Θ− iKd q (Ξ+ − Ξ0)
]
. (141)
This expression indiates that Kˆ(t2; t1) depends on t1 and t2 only through the funtions T , Θ, Ξ0, and Ξ+. Thus,
the operator orresponding to the funtion K an now be written as Kˆ(T ,Θ,Ξ0,Ξ+). The omposition law in time
Kˆ(t3; t2)Kˆ(t2; t1) = Kˆ(t3; t1) an be regarded as a sum of the parameters T , Θ, Ξ0, and Ξ+ inside the operator
Kˆ(T ,Θ,Ξ0,Ξ+). These parameters are evolutions parameters dened by the boundary onditions, i.e., T is the
Killing time elapsed at right spatial innity and Θ is the boost parameter elapsed at the bifuration irle; Ξ0 and
Ξ+ are line integrals along timelike urves of onstant r, and onstant angular variables, at r = 0 and at innity.
IV. THERMODYNAMICS
A. Generalities
We an now build the partition funtion for this system. The path to follow is to ontinue the operator to
imaginary time and take the trae over a omplete orthogonal basis. Our lassial thermodynami situation onsists
of a d-dimensional spherial, planar, or hyperboli harged blak hole, asymptotially AdS, in thermal equilibrium
with a bath of Hawking radiation. Ignoring bak reation from the radiation, the geometry is desribed by the
solutions in Eqs. (1)-(3) and (5)-(6). Thus, we onsider a thermodynami ensemble in whih the temperature, or more
appropriately here, the inverse temperature β is xed, as well as the salar eletri potential φ. This haraterizes a
grand anonial ensemble, and the partition funtion Z(β, φ) arises naturally in suh an ensemble. To analytially
ontinue the Lorentzian solution we put T = −iβ, and Θ = −2pii, this latter hoie based on the regularity of the
lassial Eulidean solution. We also hoose Ξ0 = 0 and Ξ+ = iβφ.
We arrive then at the following expression for the partition funtion
Z(β, φ) = Tr
[
Kˆ(−iβ,−2pii, 0, iβφ)
]
. (142)
From Eq. (141) this is realized as
Z(β, φ) =
∫
A
µ dmdq exp
[
−β(m−Kd qφ) + 4 a piRd−2
h
]
〈m|m〉 . (143)
Sine 〈m|m〉 is equal to δ(0), one has to regularize (143). Again, following the Louko-Whiting proedure [19℄, we
have to regularize and normalize the operator Kˆ beforehand. This leads to
Z
ren
(β, φ) = N
∫
A
µ dmdq exp
[
−β(m−Kd qφ) + 4 a piRd−2
h
]
, (144)
where N is a normalization fator and A is the domain of integration. Provided the weight fator µ is slowly varying
ompared to the exponential in Eq. (144), and using the fat that the horizon radius R
h
is funtion of m and q, the
integral in Eq. (144) is onvergent. Changing integration variables, from m to R
h
, where
m = a(d− 2)Rd−3
h
(
l−2R2
h
+ k + q2R
−2(d−3)
h
)
, (145)
the integral Eq. (144) beomes
Z
ren
(β, φ) = N
∫
A′
µ˜ dR
h
dq exp(−I∗) , (146)
where A′ is the new domain of integration after hanging variables, and the funtion I∗(R
h
,q), a kind of an eetive
ation (see [5℄), is written as
I∗(R
h
,q) := β a(d− 2)Rd−3
h
(
l−2R2
h
+ k + q2R
−2(d−3)
h
)
− βKd qφ− 4 a piRd−2
h
. (147)
The domain of integration, A′, is dened by the inequalities 0 ≤ R
h
and q
2 ≤ R2(d−3)
h
(
k + d−1d−3 l
−2R2
h
)
. The new
weight fator µ˜ inludes the Jaobian of the hange of variables. Sine the weight fator is slowly varying, we an
estimate the integral of Z
ren
(β, φ) by the saddle point approximation.
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B. Eetive ation and ritial points (i.e., the solutions of the system)
Now we alulate the ritial points of the eetive ation (147) in order to evaluate the integral of the partition
funtion (146) through the standard saddle-point method. We need the ritial points beause the saddle point
method requires the Taylor expansion of the eetive ation around one of them. The ritial points are found by
taking the rst derivative of the eetive ation with respet to R
h
and to q and making them zero. With this, the
Taylor expansion in the rst three terms has only the zeroth order term, the eetive ation evaluated at the ritial
points, and the seond order terms evaluated at the ritial points as well. Higher orders are ignored. This evaluation
is done in a lose neighborhood of a ritial point, thus making the zeroth order term more important than the seond
order term. Whih one of the ritial points is hosen for this approximation is seen below.
The ritial points are found through equating to zero the rst derivatives of the eetive ation (147), with respet
to R
h
and to q, i.e.,
∂I∗
∂R
h
= 0 =
∂I∗
∂q
(148)
Two distint sets of ritial points are then found:
(i) The ritial points are given as a pair of values (R
h
,q)
R±
h
=
2pi l2
(d− 1)β
(
1±
√
1 +
β2(d− 3)(d− 1)
16 a2pi2l2(d− 2)2 {K
2
d φ
2 − k (2 a(d− 2))2}
)
, (149)
q
± = Kd
φ (R±
h
)d−3
2 a(d− 2) , (150)
where, as a reminder, Kd = 4 a
√
2pi (d− 2)(d− 3).
(ii) Equation (147) also has a ritial point at
Rd−4
h
= 0 , (151)
q = 0 , (152)
whih for d > 4 is equivalent to (R
h
,q) = (0, 0). For d = 4 this ritial point does not exist, but in pratie in the
study of global minima this makes no dierene.
The ritial points belong to the domain of the eetive ation (147), and so the eetive ation has a derivative
equal to zero at these points in Eqs. (149)-(152). From (149), if
K2dφ
2 ≥ −16 a
2pi2l2(d− 2)2
β2(d− 3)(d− 1) + k (2 a(d− 2))
2 , (153)
one nds there is at least one ritial point. In more detail we nd the following: if in Eq. (153) there were a < instead
of a ≥, then there would be no ritial points. If the equality is satised in Eq. (153), then there is only the ritial
point given by R
h
= (2pi l2)/((d − 1)β) and the orresponding value of the harge, by replaing R
h
in Eq. (150). In
this last ase R+
h
= R−
h
. If the inequality holds in Eq. (153), then there are three situations (a) K2dφ
2 < k (2 a(d−2))2,
(b) K2dφ
2 = k (2 a(d− 2))2, and () K2dφ2 > k (2 a(d− 2))2. In (a) there are two ritial points, given by (R±
h
,q)± in
(149)-(150), in (b) there are two ritial points given by R+
h
= (4 pi l2)/((d− 1)β) and R−
h
= 0, with the orresponding
q
±
given in (150), and nally in () we have only the ritial point given by (R+
h
,q+), beause R−
h
< 0 is not physially
relevant. All this disussion neglets the ritial point at (0, 0) whih is independent of the value of φ, whih must
be added to the disrimination above. One must also note that the topology was not taken into aount in detail.
If the topology is taken into aount, one sees that for k = 0,−1 there is always only one ritial point of physial
signiane, given by (R+
h
,q+) as φ2 is positive and, for k = 0,−1, the right hand side of Eq. (153) is negative. In
this ase the ritial point at (R−
h
,q−) is outside the domain of physial interest as R−
h
< 0.
We an now write the ation evaluated at the ritial points, where also β and φ are determined as funtions of the
ritial pair (R±
h
,q±). The full expression is
I∗ = 4piaR±
h
(d−2)
 kR±h 2(d−3) − q±2 − l−2R±h 2(d−2)
(d− 3) kR±
h
2(d−3) − (d− 3)q±2 + (d− 1)l−2R±
h
2(d−2)
 , (154)
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where a = Σkd−2/16pi, see Eq. (10). Expression (154) is quite general. It an be ompared with other studies that
have hosen a partiular dimension of spaetime, or a partiular asymptoti regime, or a partiular topology.
For instane, for generi d and k = 1 one nds from (154) an ation for d-dimensional Reissner-Nordstróm blak
holes whih was not expliitly shown in [12, 13℄. If, for generi d and k = 1, we further put q = 0 one nds from
(154) the following ation I∗ = 4piaR±
h
(d−2) (
R±
h
2(d−3) − l−2R±
h
2(d−2))
/
(
(d− 3)R±
h
2(d−3)
+ (d− 1)l−2R±
h
2(d−2))
whih is the ation found in [11℄. In addition, by putting d = 4 and k = 1 into (154) one nds I∗ =
piR2
h
(
R2
h
− q2 − l−2R4
h
)
/
(
R2
h
− q2 + 3l−2R4
h
)
whih is the ation rst found in [9℄. If we further assume q = 0,
one nds the Hawking-Page ation I∗ = piR2
h
(
R2
h
− l−2R4
h
)
/
(
R2
h
+ 3l−2R4
h
)
[8℄. Or, by putting d = 4 and k = 0
into (154) one nds I∗ = piR2
h
(
q
2 + l−2R4
h
)
/
(
q
2 − 3l−2R4
h
)
, whih was found in [10℄. We defer a full omparison
to the next subsetion, after having studied the phase transitions of the system.
C. The most stable solutions and phase transitions
1. Analysis in d dimensions
Now, the ensemble in this ase has already been identied as the grand anonial, where T (or β) and φ are xed.
What now is needed is to obtain the most stable thermodynami solutions for this ensemble. In order to do that,
it is neessary to know the interval of the order parameter φ in whih a given ritial point is a global minimum,
loal minimum or none of the latter. Eah dierent minimum represents a physial system, suh as hot at spae, for
instane. Note that, hot at spaes and blak holes, are two dierent setors of the solution spae, one with trivial
topology, the other with blak hole topology, respetively. To be denitive, let us x the temperature, or β, on the
boundary. Now, φ is also xed on the boundary, but we an x it with any value we like. So, imagining hanging the
parameter φ, xed on the boundary, one nds that, for instane, one loal minimum may turn into a global minimum,
signaling that a phase transition ours at a ertain value of φ.
The saddle point approximation of the partition funtion (146) hooses the global minima of the ritial points for
eah value of φ, on the understanding that β is xed. From Eqs. (149), (150), (151), and (152) one nds the values
of the ritial points in terms of R
h
and q. Eqs. (151) and (152) are at the origin of the (R
h
,q), and do not depend
on the parameter φ. Eqs. (149) and (150) will hange in value as φ hanges. The expression (150) implies that one
R
h
is determined for a ritial point, q is immediately given. So, on the plane (R
h
,q), the ritial points are found
by the urve dened through (150), for eah given φ. Then, if we replae the value of the harge as a funtion of R
h
,
i. e., q(R
h
) as given in (150), into the eetive ation (147) we obtain a one variable funtion of R
h
, written as
I∗(R
h
) = β a(d− 2)
(
l−2Rd−1
h
+ kRd−3
h
+K2dφ
2Rd−3
h
(2 a(d− 2))−2
)
−
β(2 a(d− 2))−1K2dφ2Rd−3
h
− 4 pi aRd−2
h
, (155)
whih is a funtion of R
h
. Now, not all R
h
are solutions, i.e., ritial points, only those dened by (149) belong to
the solution manifold. Choosing from those that belong to the solution manifold we are interested in solutions that
minimize the eetive ation. In order to nd out whih is a minimum, for a given φ, and even whih is the lowest
minimum of them all, it sues to analyze the one variable funtion given in (155). This funtion ould have been
written with respet to q, thus allowing us to nd the minima in q. However, as we are dealing with a blak hole
whose entropy we also want to determine, and as the entropy is proportional to the horizon area, whih is itself a
funtion of R
h
, it is muh more onvenient to study the eetive ation as a funtion of R
h
. Now, the rst ritial
point is at R
h
= 0. At this point the ation (155) is equal to zero, I∗(0) = 0. This ritial point is always there, as
R
h
= 0 does not depend on any one parameter, exept perhaps the dimension, whih is onsidered here as d ≥ 4.
If d = 4 then R
h
= 0 is no longer a ritial point, but for any other ritial point to be a global minimum it will
have to obey that I∗(R+
h
) < 0. This is valid for all the other dimensions where R
h
= 0 is in fat a ritial point. If
I∗(R+
h
) > 0, the ritial point in question is not a global minimum. All this reasoning is valid when there are no two
ritial points suh that I∗(R+
h
) < 0. In the ase of two ritial points with I∗(R+
h
) < 0, the one that gives the least
value of (155) is the global minimum. So the rst step is nding the zeros of (155). Not only do the zeros help nding
the global minimum, but also they give the intervals for the order parameter φ for eah dierent global minimum. In
other words, the zeros help disriminate the physial phases. The zeros of the eetive ation (155) are given by
(R0
h
)d−3 = 0 , (156)
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R0
h
±
=
2pi l2
(d− 2)β
(
1±
√
1 +
β2
16 a2pi2l2
{K2dφ2 − k (2 a(d− 2))2}
)
. (157)
The rst zero, R0
h
= 0 is independent of φ. In relation to the seond zero, there follow dierent onlusions, depending
on the value of φ2 for R0
h
±
. Indeed, R0
h
±
must respet
K2dφ
2 ≥ −16 a2pi2l2β−2 + k (2 a(d− 2))2 , (158)
so that at least a zero of the form of (157) exists. Then, if K2dφ
2
were smaller than the right hand side of (158) there
would be no new zeros, besides R0
h
. This would mean physially that there would be no blak hole, and there would
only be a heat bath with temperature β−1 (see [8℄ for the partiular ase of Shwarzshild-AdS). If the equality of (158)
holds, then we have a double zero at R
h
= (2pi l2)/((d − 2)β). This point is also a ritial point, i.e., it is a solution
for the system. If we replae the equality in (158) bak in (149), we see that R+
h
= (2pi l2)/((d − 2)β). Here both
R
h
= 0 and R
h
= (2pi l2)/((d− 2)β) are global minima, so there is a degeneray. Here, there is an equal probability
for the system to onsist of a heat bath alone or a harged blak hole of radius R
h
= (2pi l2)/((d− 2)β) with thermal
radiation. The equality in (158) marks the threshold from whih the ritial point R+
h
is a global minimum. One the
inequality in (158) holds, then R+
h
is the only global minimum, ending the degeneray, i.e., I∗(R+
h
) < I∗(0) = 0. This
implies the stable solution onsists of a harged blak hole of radius R+
h
in equilibrium with a heat bath temperature
β−1. Perhaps some other minor omments in relation to R−
h
are in order. The other ritial point R−
h
is always
less than R+
h
, and the eetive ation (155) is always positive at R−
h
as long as K2dφ
2 − k (2 a(d − 2))2 > 0. One
K2dφ
2−k (2 a(d−2))2 = 0, then both the ritial point R−
h
= 0 and I∗(R−
h
) = 0. At the same time R0
h
−
= 0. However,
the ation (155) at R−
h
is always larger than at R−
h
, one there are two dierent ritial points R±
h
. If any ritial
point R±
h
is less than zero, it has lost its physial meaningfulness.
All the previous disussion is general, and applies diretly to the spherial topology. However, if the topology is
dierent, i.e., k = 0,−1, then the inequality in the expression (158) holds always. This means that R+
h
is always the
global minimum. Therefore the lassial solution is found in the global minimum of the ritial point (R+
h
,q+) of the
eetive ation I∗(R
h
,q) (Eq. (147)). Dierently from the spherial ase, there are no phase transitions, as disussed
in [10℄.
For an illustration of the previous disussion, a hoie is made, namely, d = 5, k = 1, a = 1, and l =
√
10. We also
hoose β = 103 pi. Then, the eetive ation is written in the form
pi−1I∗(R
h
) = R4
h
− 4R3
h
+ cR2
h
, (159)
where c = 10(1− 163 piφ2). So, for a hoie of c = 0, 3, 4, 4.4, 4.5, 5 respetively, whih amounts to a hoie of dierent
values of φ, the order parameter for this phase transition, we plot, in Figure 2, pi−1I∗(R
h
) as a funtion of R
h
. These
plots illustrate the proess of phase transition from a phase where the blak hole is a stable solution to a phase where
the ation has a global minimum for hot at spae. In this instane the phase transition happens due to a hange in
the order parameter φ, the eletri potential. The evolution in the plots is toward a higher value of c, or smaller value
of φ. In more detail, in the rst plot there is a ritial point at a nite radius where the eetive ation is negative.
The other ritial points are at zero radius. Thus the global minimum, the stable solution, is a blak hole of radius
given by the ritial point. This is expeted on physial grounds, sine a higher φ means a higher eletrial pressure
of the walls at innity on the harged partiles whih then tend to onentrate at the enter, forming a blak hole.
The next plot shows two distint nonzero ritial points, plus the ritial point at the origin. The one with larger R
h
is the stable solution, where again the eetive ation is negative. In the other ritial points, the ation is either zero
or positive. The next plot shows us the phase transition. Here the value of c is suh that the eetive ation at the
larger ritial point is equal to zero, as it is zero at zero radius. This implies that the eetive ation has two global
minima. Here the blak hole with the larger radius and hot at spae are equally probable. The system is then a
mixture of two states whih an transit from one to the other. The value of φ is φ = 3√
80pi
. For higher values of c, the
likeliest outome is now hot at spae, beause the eetive ation is positive for any value of c, exept at the origin.
Even so, the larger radius ritial point is still a loal minimum, whih allows for a metastable blak hole solution.
However, there is a limit for the existene of suh metastable solutions. The last but one plot, for c = 4.5, shows the
merging of the two nonzero ritial points into one, where the eetive ation is positive and where it has neither a
maximum nor a minimum. It is thus a ompletely unstable solution. For values of c suh that c > 4.5 there are no
other ritial points, exept for the zero radius, whih is equivalent to saying that hot at spae is the only outome
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FIG. 2: Plots of the eetive ation, pi−1I∗(R
h
) in ve dimensions, for the hoies d = 5, k = 1, a = 1, l =
√
10, and
c = 0, 3, 4, 4.4, 4.5, 5, respetively, where c = 10(1− 16
3
piφ2), see text for details.
of the ensemble. There is thus a value of φ below whih there are no blak holes for the ensemble. In our example the
value is φ =
(
33
320pi
) 1
2
. This is analogous to the Bose-Einstein ondensation, whih is a phase transition. In this ase
one has as variables the hemial potential µ and the temperature T, or β. If one xes T and inreases the number of
partiles and so inreases µ one has a phase transition to a ondensate. So µ is equivalent to φ here, the dierene is
that bosons feel an eetive attrative fore, whereas harged partiles with the same sign feel a repulsive fore. So,
when one lowers φ one has hot at spae, whereas when one raises µ one has a ondensate. When one raises φ one
has a blak hole, whereas when one lowers µ one has a free gas.
Now, we an instead study the phase transition by xing φ a priori, and keeping T , or more preisely, the inverse
temperature β, xed, but allowing it to hange from situation to situation. For the same d = 5, k = 1, a = 1, and
l =
√
10, but now with the value of φ given a priori by φ = 14
√
3
10pi , the eetive ations redues to
pi−1I∗(R
h
) =
3β
10pi
R4
h
− 4R3
h
+
27β
10pi
R2
h
. (160)
Through the hoie of dierent values of
3β
10pi we an make a series of plots whih show the dierent phases of the
ensemble with respet to the inverse temperature β. The hoies for 3β10pi are
3β
10pi =
1
10 ,
6
10 ,
2
3 ,
2
3 + 0.01,
√
2
2 ,
2
3 + 0.1.
We plot, in Figure 3, the eetive ation pi−1I∗(R
h
) as a funtion of R
h
, for those values of β. These plots illustrate
the proess of phase transition from a phase where the blak hole is a stable solution to a phase where the ation
has a global minimum for hot at spae. In this instane the phase transition happens due to a hange in the order
parameter β, the inverse temperature. The evolution in the plots is toward a higher value of β, or smaller value of
the temperature. In more detail, in the rst plot there is a ritial point at a nite radius where the eetive ation is
negative. The other ritial points are at zero radius. Thus the global minimum, the stable solution, is a blak hole
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FIG. 3: Plots of the eetive ation, pi−1I∗(R
h
) in ve dimensions, for the hoies d = 5, k = 1, a = 1, l =
√
10, and
3β
10pi
= 1
10
, 6
10
, 2
3
, 2
3
+ 0.01,
√
2
2
, 2
3
+ 0.1, respetively, see text for details.
of a radius given by the ritial point. Note that the hoie of β = 0 would have yielded an eetive ation given by
I∗(R
h
) = −4piR3
h
, whih would not have given any ritial point exept R
h
= 0. This innite temperature ensemble
would have had a global maximum at zero radius for the eetive ation, implying that hot at spae at innite
temperature is unstable, and at the same time showing that only a blak hole of innite radius would satisfy the
onditions for stability. The next plot shows two distint nonzero ritial points, plus the ritial point at the origin.
The larger is the stable solution, where again the eetive ation is negative. In the other ritial points, the ation
is either zero or positive. The next plot shows us the transition. Here the value of β is suh that the eetive ation
at the larger ritial point is equal to zero, as it is zero at zero radius. This implies that the eetive ation has two
global minima. Here the blak hole with the larger radius and hot at spae are equally probable. The system is then
a mixture of two states whih an transit from one to the other. The value of β is β = 20pi9 . For higher values of β, the
likeliest outome is now hot at spae, beause the eetive ation is positive for any value of β, exept at the origin.
Even so, the larger radius ritial point is still a loal minimum, whih allows for a metastable blak hole solution.
However, there is a limit for the existene of suh metastable solutions. The last but one plot, for β = 10pi
√
2
6 , shows
the merging of the two nonzero ritial points into one, where the eetive ation is positive and where it has neither
a maximum nor a minimum. It is thus a ompletely unstable solution. For values of β suh that β > 10pi
√
2
6 there
are no other ritial points, exept for the zero radius, whih is equivalent to saying that hot at spae is the only
outome of the ensemble. Again, we an ompare this phase transition with the Bose-Einstein ondensation. Now,
one xes φ in one ase and µ in the other. So when one raises β (lowers the temperature) one has hot at spae, and
a ondensate in the other ase. When one lowers β (raises the temperature) one has a blak hole, and a free gas in
the other ase.
We note that there is nothing speial happening when we take the number of dimensions to be very large, d→∞.
All the quantities suer a hange in sale, ertainly, but qualitatively the behavior is analogous.
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2. Comparison with other results
We an ompare our results for d-dimensional, Reissner-Nordström-AdS blak holes, with either spherial, planar,
or hyperboli horizon topology, with results from other authors in several other instanes. We divide this omparison
into the works that also used Hamiltonian methods and the works that used Eulidean path integral methods. As we
have seen, Hamiltonian methods perform a Hamiltonian redution in the Lorentz theory, and then take the trae of
an analytially ontinued evolution operator. Eulidean path integral methods perform a Hamiltonian redution in
the analytially ontinued ation. The boundary onditions in the two approahes are idential, and the dierene
between them is in the order of quantization (rst in the Hamiltonian methods) and Eulideanization (rst in path
integral methods).
(a) Hamiltonian thermodynami methods
Firstly, Reissner-Nordström-AdS blak holes in four dimensions (d = 4) with spherially symmetri (k = 1), were
studied by Louko and Winters-Hilt in [20℄, using a Hamiltonian thermodynamis formalism. They analyzed these
systems in both the anonial ensemble and grand anonial ensemble. Now, if we put d = 4 and k = 1 in our ation
ation (147) and in the ritial point (149)-(150), it redues then to the grand anonial ensemble eetive ation and
the ritial point of [20℄. There is a small dierene in the oeient Kd between our work and [20℄, when d = 4, due
to a dierent hoie in the oeient of the Maxwell term in the ation (4). Here we have followed Myers and Perry
[30℄, where the Maxwell term is
1
4FµνF
µν
, whereas in [20℄ there is no
1
4 term.
Seondly, Reissner-Nordström-AdS blak holes in four dimensions (d = 4) with planar and hyperboli symmetry
(k = 0,−1), were studied by Brill, Louko and Peldán in [21℄ in both, the anonial ensemble and grand anonial
ensemble, using impliitly a Hamiltonian thermodynamis formalism. When we put d = 4 and (k = 0,−1) in our
ation (147) and ritial point (149)-(150) one reovers the results in [21℄ for the grand anonial ensemble. Here, as
with the ase above, there is the aveat of the onstant Kd, i.e., it will not render the same numerial oeient due
to the hoie of a dierent onstant for the Maxwell term in the ation (4).
Thirdly, it is interesting to note that the alulations done, also using a Hamiltonian thermodynamis formalism,
by Louko, Simon, and Winters-Hilt in [22℄ and ours math in the appropriate limits. In [22℄ it was studied a spherial
blak hole (k = 1) in a nite box with radius rB in a Gauss-Bonnet (Lovelok) theory with parameter λˆ, without
osmologial onstant, in ve dimensions, d = 5. Here we have studied harged blak holes in general relativity with
osmologial onstant in d dimensions. Thus, in order to math both results, we do the following: in [22℄ we take the
Gauss-Bonnet parameter equal to zero (λˆ = 0) to reover general relativity, and take the box to innity (rB → ∞);
here we take d = 5, the osmologial onstant and the eletrial harge equal to zero (l →∞ and q = 0), and assume
spherial topology (k = 1). Then one gets as the equation for the ritial point of the eetive ation β = 2piR
h
, both
in [22℄ (see Eq. (5.3) of [22℄), and here (take the appropriate limit in (149)).
(b) Eulidean path integral methods
Firstly, the thermodynamis and phase transitions of the spherial Reissner-Nordström blak holes in AdS spae-
times in d-dimensions an be studied if we put k = 1 in Eq. (154), yielding
I∗ = 4piaR±
h
(d−2)
 R±h 2(d−3) − q±2 − l−2R±h 2(d−2)
(d− 3)R±
h
2(d−3) − (d− 3)q±2 + (d− 1)l−2R±
h
2(d−2)
 , (161)
the ase studied in [12, 13℄ but in whih the ation (161) was not expliitly displayed. If we further put q = 0 in Eq.
(154), we obtain the ation for Shwarzshild blak holes in AdS spaetimes in d-dimensions, i.e.,
I∗ = 4piaR±
h
(d−2)
 R±h 2(d−3) − l−2R±h 2(d−2)
(d− 3)R±
h
2(d−3)
+ (d− 1)l−2R±
h
2(d−2)
 . (162)
This ation was found by Witten [11℄ through mixed methods. On further hoosing d = 4 one nds the Hawking-Page
ation [8℄.
Seondly, Reissner-Nordström-AdS blak holes in four dimensions (d = 4) with spherially symmetri (k = 1), were
studied by Peça and Lemos in [9℄ using instead Eulidean path integral methods in the grand anonial ensemble,
and where the blak holes are put inside a rigid box of radius rB. As already remarked in [9℄ the results math, as
they should, those of [20℄, when rB → ∞. It is interesting to further ompare [9℄ with our results here. In [9℄, when
taking the limit rB →∞, it was found there are two sets of solutions, whih are obtained through dierent ways: (i)
x r+, whih is our R
h
, and the harge of the blak hole e, whih is our q, or (ii) x the boundary onditions, whih
22
means xing β and φ. This seond set yields, as rB → ∞, a divergent R
h
∼ rB and a divergent q ∼ r2B, and also
leads to an entropy going to innity as r2B. In this limit the heat apaity and the thermal energy diverge too. These
very interesting solutions, rst found for the asymptotially at Shwarzshild blak holes, in [5℄, represent metastable
blak holes whih an quantum tunnel into hot at spae and vie versa. Sine we have taken from the start that our
box is AdS innity (i.e., rB → ∞ at the outset), our boundary onditions do not reover these metastable solutions,
and we will not disuss them anymore (see [9℄ for further analysis of these solutions). The rst set, whih xes R
h
and q, is of our onern now. In [9℄, the temperature T and eletrostati potential φ tend to zero as r−1B , and the
energy tends to zero as well, E =M/(1+ r2B/l
2)
1
2
. Here we have xed preisely the temperature at innity (following
[20℄) so that E =M . But the dierene between the two adjustments is merely one of hoosing the zero point. After
these remarks we an proeed, and by putting d = 4, k = 1 into (154) one nds
I∗ =
piR2
h
(
R2
h
− q2 − l−2R4
h
)
R2
h
− q2 + 3l−2R4
h
, (163)
whih is preisely equal to the one rst found in [9℄. If we further put q = 0, one nds again the Hawking-Page
ation [8℄ I∗ = piR2
h
(
R2
h
− l−2R4
h
)
/R2
h
+ 3l−2R4
h
, an ation whih has attrated muh attention. All these blak hole
solutions in AdS spaetime are stable. We an also nd the ation in the asymptotially at ase, i.e., l→∞. Then,
for d = 4, k = 1, and l→∞ in Eq. (154) yields I∗ = piR2
h
, whih were rst found by York [5℄ for the unharged ase,
and by [6℄ for the harged ase. One also nds that these asymptotially at blak holes are unstable in the grand
anonial ensemble, although the branh of large blak holes not reovered by our boundary onditions are stable (see
again [5, 6℄, see also [14℄ for the disussion of the metastability of these objets).
Thirdly, Reissner-Nordström-AdS blak holes in four dimensions (d = 4) with toroidal planar topology (k = 0),
were studied by Peça and Lemos in [10℄ using Eulidean path integral methods in the grand anonial ensemble, and
where the blak holes are put inside a rigid box of radius rB. As already remarked in [10℄ the results math, as they
should, those of [22℄, for all rB, inluding when rB → ∞. It is interesting to further ompare [10℄ with our results
here. Again, in [10℄, when taking the limit rB → ∞, it was found there are two sets of solutions, whih are obtained
through dierent ways: (i) x R
h
and the harge of the blak hole q, or (ii) x the boundary onditions, whih means
xing β and φ. This seond set yields, as rB →∞, a divergent R
h
∼ rB and a divergent q ∼ r2B, and also leads to an
entropy going to innity as r2B. In this limit the heat apaity and the thermal energy diverge too. As in the spherial
ase, these solutions, represent metastable blak holes whih an quantum tunnel into hot at spae and vie versa.
Sine we have taken from the start that our box is AdS innity (i.e., rB →∞ at the outset), our boundary onditions
do not reover these metastable solutions, and we will not disuss them anymore (see [10℄ for further analysis). The
rst set, whih xes R
h
and q, is of our onern now. In [10℄, the temperature T and eletrostati potential φ tend
to zero as r−1B , and the energy tends to zero as well, E ∼ M/(pirB/l). Here we have xed preisely the temperature
at innity (following [20℄) so that E =M . But the dierene between the two adjustments is merely one of hoosing
the zero point. After these remarks we an proeed, and by putting d = 4, k = 0 into (154) we nd
I∗ =
piR2
h
(
q
2 + l−2R4
h
)
q
2 − 3l−2R4
h
. (164)
whih was rst found in [10℄.
The analysis displayed in (a) and (b) above, and the omparisons made, show that the new ation, Eq. (147), for
general d and arbitrary topologies reovers previous results in the appropriate limits.
D. Thermodynami quantities for the solution ontaining a blak hole
The partition funtion Z
ren
(β, φ) an now be written, for K2dφ
2 > −16 a2pi2l2β−2 + k (2 a(d − 2))2, through the
saddle-point approximation
Z
ren
(β, φ) ≈ P exp
[
−I∗(R+
h
,q+)
]
, (165)
lnZ
ren
(β, φ) ≈ lnP− I∗(R+
h
,q+) . (166)
where P is a slowly varying prefator, and I∗(R+
h
,q+) is the eetive ation evaluated at the global minimum ritial
point. By ignoring the prefator's logarithm, whih loser to (R+
h
,q+) is less relevant, we are able to determine the
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value of m at the ritial point, where we nd that it orresponds to the value of the mass of the lassial solution of
the blak hole given in Eqs. (1)-(5). Thus, when the ritial point dominates the partition funtion, we have that the
mean energy 〈E〉 is given by
〈E〉 = − ∂
∂β
lnZ
ren
≈ a(d− 2)R+
h
d−3 (
l−2R+
h
2
+ k +K2d φ
2(2 a(d− 2))−2
)
=m+ , (167)
where m
+
is obtained from Eq. (145) evaluated at (R+
h
,q+). The thermal expetation value of the harge is
〈Q〉 = β−1 ∂
∂φ
lnZ
ren
≈ Kd q+ , (168)
as given in Eq. (150). We also an write the temperature T ≡ β−1 as a funtion of the ritial point R+
h
and the
eletri harge q
+
T =
(d− 1) l−2R+
h
2
+ (d− 3) k − (d− 3) (q+)2R+
h
−2(d−3)
4piR+
h
, (169)
with R+
h
expliitly written in (149), and where q
+
is given in in Eq. (150). If we replae the value of the harge
of the extreme blak hole solution, whih is given in q
2 = R
2(d−3)
h
(
k + d−1d−3 l
−2R2
h
)
, the maximum the harge an
attain inside the domain of integration of the partition funtion, into the expression for the temperature, Eq. (169),
then we get a null temperature. It an be shown that ∂m+/∂β < 0, whih through the onstant φ heat apaity
Cφ = −β2(∂ 〈E〉 /∂β) tells us that the system is thermodynamially stable.
Finally there is the entropy of the blak hole, S, whih is given by
S =
(
1− β ∂
∂β
)
lnZ
ren
=
1
4
Σkd−2R
+
h
d−2
. (170)
We see that the extreme blak hole, despite having null temperature, has an entropy proportional to its horizon area.
V. CONCLUSIONS
From a Hamiltonian thermodynamis formalism we have found a quite general eetive ation (154) valid for harged
higher dimensional d ≥ 4 AdS (negative osmologial onstant) spaetimes, with spherial, planar, and hyperboli
topologies. There are blak hole as well as hot at spaetime solutions. It was shown that the phase transitions,
already present for the Reissner-Nordström AdS blak hole in four dimensions, show up again for the generi d-
dimensional harged ase. In these phase transitions a blak hole turns into hot at spae and vie-versa. However,
this phase transition does not happen for nonspherial topologies. We have also alulated the entropy of these
higher dimensional harged AdS blak holes. This entropy is given by a quarter of the horizon area for any topology
onsidered. It is thus obtained that the entropy relation with the quarter of the horizon area is kept for arbitrary
higher dimensions, and that the topology does not aet the relation. Sine the Hamiltonian formalism yields a orret
onsistent expression for the entropy of a blak hole, we have proved that the formalism has a wide appliability, both
to higher dimensions and to nonspherial topologies. These results may be of value for investigations on AdS/CFT
physis.
Aknowledgments
GASD thanks the support from Fundação para a Ciênia e Tenologia (FCT) - Portugal through the fellowship
SFRH/BD/2003. This work was partially funded by Fundação para a Ciênia e Tenologia (FCT) - Portugal, through
projet PPCDT/FIS/57552/2004.
24
[1℄ S. W. Hawking, Commun. Math. Phys. 43, 199 (1975).
[2℄ J. M. Bardeen, B. Carter, and S. W. Hawking, Commun. Math. Phys. 31, 161 (1973).
[3℄ J. B. Hartle and S. W. Hawking, Phys. Rev. D 13, 2188 (1976).
[4℄ S. W. Hawking, in General Relativity: An Einstein Centenary Survey, edited by S. W. Hawking and W. Israel (Cambridge
University Press, Cambridge, England, 1979).
[5℄ J. W. York, Phys. Rev. D 33, 2092 (1986).
[6℄ H. W. Braden, J. D. Brown, B. F. Whiting, and J. W. York, Phys. Rev. D 42, 3376 (1990).
[7℄ O. B. Zaslavskii, Phys. Lett. A 152, 463 (1991).
[8℄ S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).
[9℄ C. S. Peça and J. P. S. Lemos, Phys. Rev. D 59, 124007 (1999).
[10℄ C. S. Peça and J. P. S. Lemos, J. Math. Phys. 41, 4783 (2000).
[11℄ E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998).
[12℄ A. Chamblin, R. Emparan, C. V. Johnson, and R. C. Myers, Phys. Rev. D 60, 064018 (1999).
[13℄ A. Chamblin, R. Emparan, C. V. Johnson, and R. C. Myers, Phys. Rev. D 60, 104026 (1999).
[14℄ D. J. Gross, M. J. Perry, and L. G. Yae, Phys. Rev. D 25, 330 (1982).
[15℄ P. A. M. Dira, Letures on Quantum Mehanis, (Yeshiva University, New York, 1964).
[16℄ R. Arnowitt, S. Deser, and C. W. Misner, in Gravitation: an introdution to urrent researh, edited by L. Witten (Wiley,
New York, 1962), Chap. 7, p. 227 (see also arXiv:gr-q/0405109).
[17℄ T. Regge and C. Teitelboim, Ann. Phys. (NY) 88, 286 (1974).
[18℄ K. V. Kuha°, Phys. Rev. D 50, 3961 (1994).
[19℄ J. Louko and B. F. Whiting, Phys. Rev. D 51, 5583 (1995).
[20℄ J. Louko and S. N. Winters-Hilt, Phys. Rev. D 54, 2647 (1996).
[21℄ D. R. Brill, J. Louko, and P. Peldán, Phys. Rev. D 56 3600 (1997).
[22℄ J. Louko, J. Z. Simon, and S. N. Winters-Hilt, Phys. Rev. D 55 3525 (1997).
[23℄ G. Kunstatter, R. Petryk, and S. Shelemy, Phys. Rev. D 57, 3537 (1998).
[24℄ A. J. M. Medved and G. Kunstatter, Phys. Rev. D 59, 104005 (1999).
[25℄ S. Bose, J. Louko, L. Parker, and Y. Peleg, Phys. Rev. D 53, 5708 (1996).
[26℄ G. A. S. Dias and J. P. S. Lemos, Phys. Rev. D 78, 044010 (2008).
[27℄ G. A. S. Dias and J. P. S. Lemos, Phys. Rev. D 78, 084020 (2008).
[28℄ S. Bose, L. Parker, and Y. Peleg, Phys. Rev. D 56, 987 (1997).
[29℄ F. R. Tangherlini, Nuovo Cim. 27, 636 (1963).
[30℄ R. C. Myers and M. J. Perry, Ann. Phys. (N.Y.) 172, 304 (1986).
[31℄ J. P. S. Lemos, Class. Quant. Grav. 12, 1081 (1995).
[32℄ J. P. S. Lemos, Phys. Lett. B 353, 46 (1995).
[33℄ J. P. S. Lemos and V. T. Zanhin, Phys. Rev. D 54, 3840 (1996).
[34℄ R. G. Cai and Y. Z. Zhang, Phys. Rev. D 54, 4891 (1996).
[35℄ L. Vanzo, Phys. Rev. D 56, 6475 (1997).
[36℄ R. B. Mann, Class. Quant. Grav. 14, 2927 (1997).
[37℄ D. Birmingham, Class. Quant. Grav. 16, 1197 (1999).
[38℄ R. G. Cai and K. S. Soh, Phys. Rev. D 59, 044013 (1999).
[39℄ N. L. Santos, O. J. C. Dias, and J. P. S. Lemos, Phys. Rev. D 70, 124033 (2004).
[40℄ G. W. Gibbons, H. Lu, D. N. Page, and C. N. Pope, J. Geom. Phys. 53, 49 (2005).
[41℄ M. Henneaux and C. Teitelboim, Commun. Math. Phys. 98, 391 (1985).
